Nonlinear dynamics of plates synthesized using topology optimization and undergoing transverse vibrations with 1:2 internal resonances are presented. The plates are assumed to be made of hyperelastic materials; specifically two particular material models, namely, the neo-Hookean and Mooney-Rivlin material model are considered. A finite element approximation is first used in conjunction with novel topology optimization techniques to develop linearized candidate plate structures that have their lowest two natural frequencies in the ratio of 1:2. The plate structures are assumed to follow thin plate theory Kirchoff assumptions. The nonlinear dynamic response of the synthesized structures is then developed using modal superposition, and forced response to base excitations is analyzed to study the effects of material and geometric nonlinearities on nonlinear plate vibrations. The geometric nonlinearities introduced are through the assumptions of finite strains while the material nonlinearities arise due to nonlinear stress-strain or constitutive relationships for hyperelastic material models. Results are also compared with those obtained using von Karman and Novozhilov approximations for nonlinear plate vibrations. First the results are developed with the assumption that the materials are incompressible, and then this requirement is relaxed to include compressible materials as well.
Introduction
The development of bio-mimetic sensors and actuators has attracted much attention in recent years. Concurrently and indeed, driven by the same goals, researchers have tried to use new materials, usually hyperelastic (Park et al., 2010) or electrostrictive (Pelrine et al., 2000) , to build micro-and meso-scale devices. While generally not seen as frequently as beam-type elements in MEMS devices, plate structures are common in many such emerging applications including microjets (Oates and Liu, 2009) and energy-harvesting devices which can use ambient vibrations to produce electrical energy (Czech et al., 2010) . References Pelrine et al. (2000) and Richards and Odegard (2010) describe several advantages of hyperelastic materials such as low cost, weight, ability to withstand large strains and ease of manufacturing in various shapes and configurations. Owing to such advantages, diverse applications such as micro-fluidic pumps (Xia et al., 2005) , high-speed micro-actuators (Pelrine et al., 2000) and "soft" robotic systems (Petralia and Wood, 2010) have been fabricated using hyperelastic polymers.
Nonlinear response of elastic structures to resonant excitations has been investigated for quite some time, e.g. see Sathyamoorthy (1998) and Lacarbonara (2013) . More specifically, "internal resonance" in a structure is possible when the natural frequencies of two or more modes are commensurable or nearly commensurable. In the presence of nonlinearities and a sufficient level of excitation, these frequency relations can lead to energy transfer between modes; for example if a system has quadratic nonlinearities and has two of its linear modal frequencies in the ratio of 1:2, it can exhibit 1:2 internal resonance if the excitation amplitude is above some threshold Balachandran and Nayfeh, 1990; Wang and Bajaj, 2010) . Internal resonance on its own has also been proposed as a mechanism for resonant MEMS based sensing (Vyas et al., 2009; 2008) .
The mechanisms of generating quadratic nonlinearities in the structure can be roughly grouped under two categories, namely, geometric and material. Geometric nonlinearities can be introduced due to large deformations, non-flat equilibrium conditions (such as for a curved arch Tien et al., 1994) or structural asymmetry (Thomas et al., 2005) . Material nonlinearities are caused by the structures having a non-linear stress-strain relationship, or in other words, the coupling between forcing and displacements is non-linear which might lead to situations where doubling of forcing amplitude may not lead to doubling of structural displacement. In this work, both geometric nonlinearities by virtue of large deformations, and material nonlinearities by virtue of a nonlinear hyperelastic constitutive law contribute to generation of quadratic nonlinearities in the structures to make 1:2 internal resonance possible.
The aim of this work is to present a methodology for design and analysis for nonlinear dynamic response of resonators incorporating hyperelastic materials and undergoing 1:2 internal resonance in large amplitude transverse vibrations. The resonators are essentially thin rectangular plates (with or without cutouts) made of isotropic hyperelastic materials. The resonance condition of having the lowest two natural frequencies close to the integer ratio of 2 is achieved by appropriate linear design of the structure obtained using a finite element analysis coupled to topology optimization. Once the linear design is complete, the mode shapes obtained from the linear finite element analysis can be used to construct a two-mode nonlinear model by expressing the displacements of the nonlinear structure in the 3-D space as a linear superposition of the two modes. This model is then used to develop the nonlinear dynamic response of the candidate structures and to analyze the occurrence of 1:2 internal resonances. Only a two-mode model is initially considered assuming that energy transfer occurs only between these two modes. More specifically, the second mode is directly excited using external resonant excitation in the transverse direction and it is hoped that it in turn excites the first mode due to the nonlinearities present in the structure.
Topology optimization has been an often used technique for structural optimization (Bendsoe and Sigmund, 2004) including optimization of resonators for their linear dynamic response (He et al., 2011) . The application of topology optimization in the area of nonlinear dynamics is still in its infancy. This work explores the use of topology optimization techniques to synthesize structures for internal resonances by making a choice of an appropriate objective function. The use of hyperelastic material models such as the Mooney-Rivlin model and finite strains naturally introduce nonlinearities in the final equations of motion of these resonators. Topology optimization is done here using a linear finite element approximation making use of Kirchoff plate elements with the hyperelastic structure linearized around its flat equilibrium configuration (Finney and Kumar, 1988; Gruttmann and Taylor, 1992) . The two specific topology optimization procedures considered in this work are the method of moving asymptotes (MMA) (Svanberg, 1987) and a simple iterative procedure introduced recently by the authors (Tripathi and Bajaj, 2014b) . Both methods yield valid candidate structures. For constructing a more complete picture of the structure's deformation, it is important to have in-plane or membrane displacements independent of the transverse displacements which are not provided by the Kirchoff plate elements; hence, once the topology optimization has been completed, the final candidate structure is re-analyzed using four node shell elements to get independent in-plane deformation fields as well as to re-verify the satisfaction of resonance condition of the structure.
As for the nonlinear model development, while in general, the nonlinear response of a structure may consist of several modes, it is expected that in the presence of damping, modes with neither a direct excitation nor an internal resonance, will have their amplitudes diminish over time (Nayfeh, 2000) . Therefore, a two-mode model may provide a fairly accurate representation of the system's nonlinear response. This two-mode approximation of displacements is then combined with the system Lagrangian (kinetic and potential energies) to develop a reduced-order model of the structure in which the principal unknowns are the two modal coefficients and their time derivatives. This Lagrangian along with Euler-Lagrange conditions gives the equations for the slow time evolution of amplitudes Nayfeh, 2000) of the interacting modes. These slow time amplitude equations can be solved for obtaining the final nonlinear response of the structure.
Note that the system Lagrangian consists of kinetic energy of the velocity fields in the two modes and strain energies associated with the displacement fields. The strain energy forms for the hyperelastic structures depend specifically on the material constitutive laws, e.g., Mooney-Rivlin potential, and on the geometries of deformation, e.g., the von Karman, Novozhilov or some other strain measures associated with moderately thick or thin plate theories. Both these cases are considered in this work and the results are compared. The neoHookean material model is also considered for obtaining the nonlinear response of the system. Finally, some results are also presented for materials allowing for compressibility effects.
The paper is organized as follows: In Section 2, namely, linear structure synthesis, the topology optimization methods and the linear finite element formulation used to obtain candidate structures for internal resonance are described. A Matlab based finite element program is used with some results verified by the commercial software package ANSYS TM (ANSYS, 2014) . In Section 3, the development of the nonlinear dynamic response of the structures obtained in Section 2 is presented. Different material models as well as geometry of deformation and effect of compressibility are considered in the context of the two-mode models. A case of higher mode models is also introduced and at least in the specific case, the higher modes are shown not to contribute to steady state response. Finally in Section 4, some conclusions are drawn along with discussion of the results.
Linear structure synthesis
The aim of the linear synthesis process is to obtain topologies of plates which can exhibit 1:2 internal resonances while undergoing nonlinear transverse vibrations. As mentioned earlier in the introduction, topology optimization techniques in conjunction with linear finite element analysis were used to obtain the candidate structures. For the purpose of optimization, the candidate structures were modeled with four-node thin-plate elements with three degrees of freedom per node (Cook et al., 2004) . More specifically, the three degrees of freedom are the transverse displacement and the two rotations around the other two axes. The major purpose of the linear structure synthesis is to obtain a structure which has its lowest two natural frequencies in the ratio of 1:2. Note that the choice of lowest two natural frequencies is really no restriction as the same approach can be used for synthesis of the structure with any two chosen natural frequencies satisfying the desired condition. Analytically, this requirement can be specified by the relation:
where ω 1 and ω 2 are the first and the second natural frequency of the structure, respectively.
Based on this requirement, a topology optimization problem can be formulated whose solution would lead to structures which can exhibit 1:2 internal resonance in the nonlinear behavior. The objective function of this optimization problem can be stated as: minimize
Note that this objective function does not limit the natural frequencies to a specific range, which may be desired in some applications. A constraint can be then imposed to specify the frequency range, thereby resulting in a constrained optimization problem. An example of such a case is the recent work of the present authors dealing with beam-like structures (Tripathi and Bajaj, 2014a) . Also, it must be added that the minimization of the objective function given in Eq. (2) leads to an optimal structure which has its lowest two natural frequencies in the specified ratio 2 for 1:2 internal resonance. As mentioned in the previous section, the system needs to have quadratic nonlinearities and the frequency condition given by Eq. (1) to exhibit internal resonance. The linear synthesis method using topology optimization only provides the frequency ratio aspect of these requirements and not the existence of nonlinearity which, as shall be seen subsequently, is provided by material nonlinearities and assumptions of large deformations.
This optimization problem will be solved using two methods: the well known topology optimization technique of method of moving asymptotes (MMA) (Svanberg, 1987) coupled with the simple isotropic material with penalization (SIMP) model (Bendsoe and Sigmund, 1999) , and a simple iterative procedure outlined for planar structures in the previous work of the authors (Tripathi and Bajaj, 2014b) .
FEM formulation and verification
As mentioned earlier, the structures are modeled with four-node Kirchoff plate elements with three degrees of freedom per node. The strain energy density for a two-parameter Mooney-Rivlin material can be written as (Rivlin, 1948) ,
whereĪ 1 andĪ 2 are the first and second deviatoric invariants, respectively, of the Left Cauchy-Green deformation tensor B, J is the determinant of the deformation gradient, and C 10 , C 01 and d are material parameters. For an incompressible 2-parameter Money-Rivlin material model (J = 1), the strain energy potential can be written as,
Similarly, for a neo-Hookean material, the strain energy density can be written as (Bower, 2009) 
where μ s is the shear modulus of the material. In contrast to this, the strain energy density for a linearly elastic material can be written as,
where σ and are the stress and strain vectors, respectively. For thin plates, the relationship between the stresses and strains measured at the mid-plane of the plate for a linearly elastic material can be written as (Cook et al., 2004) :
where E is the material Young's Modulus and ν is the Poisson's ratio.
Substitution of Eq. (7) into the Eq. (6) leads to the strain energy density for a thin plate-like linear elastic material that becomes solely a function of the elastic strains,
For a two-parameter Mooney-Rivlin material, the strain energy density is again a function of the material strains (Eq. (4)). While for linearly elastic materials, the moduli do not change with change in external loading, analysis of hyperelastic materials often requires that the moduli be updated according to the strain (or stress) being experienced by the body. However, if the external loading is small, the hyperelastic Mooney-Rivlin material may be approximated as a linearly elastic structure (Finney and Kumar, 1988; George et al., 1988; Gruttmann and Taylor, 1992) with the material constants given as,
The relationship between a neo-Hookean solid and the linear elastic material is already clear as,
(10) Table 1 Comparison of natural frequencies obtained using Matlab based FEM and the analytical solution for the thin plate structure (Reddy, 2006) Fig . 1 shows the structure used to validate the Matlab based FEM formulation with the analytical solutions known for rectangular plates. It consists of a rectangular plate clamped at its four edges (cccc boundary conditions). The first few non-dimensional frequencies of the structure shown in Fig. 1 were calculated using the Matlab based FEM formulation and were compared with the analytical values of the non-dimensional natural frequencies for a cccc plate given in (Reddy, 2006) . Table 1 shows the first four natural frequencies of the square plate structure found using the two methods. The nondimensional frequency (ω nd ) for a square plate is defined as,
where ω n are the natural frequencies for a cccc plate given in Reddy (2006) , a is the plate length, ρ is the plate density, h is the plate thickness and D = .
Topology optimization using MMA
Consider the structure shown in Fig. 2 . The topology optimization problem involves filling up the blank white area in the middle of the structure with material in such a way that the cost function c(ω) given in Eq. (2) is minimized. According to the SIMP material distribution model, the density (ρ i ) and Young's Modulus (E i ) of the ith element in the design space (the blank area in the center of the structure in Fig. 2 ) is expressed as,
where ρ 0 is the material density, E 0 is the material Young's Modulus and x i is the design variable which can take any value between 0 and 1. ρ min and E min are constants having infinitesimal magnitude which are introduced to avoid singularities in the FEM formulation (in this study ρ min = 10 −12 kg/m an element point, then x i = 0, and if there is material then x i = 1; any intermediate x i value would lead to a non-physical element density and Young's modulus. To get around this handicap, the element density and modulus is made dependent on the design variable through an exponential relation with exponents (n 1 and n 2 ) which are normally kept higher than 3 (He et al., 2011) . This penalizes intermediate densities (as x i ) and forces the design variable to move towards 0 or 1. In this study, n 1 and n 2 were fixed as 6 and 12, respectively. Also, just to be sure that the final structure consists of elements having only physically realizable densities and elastic moduli, the topology optimization problem is modified as, minimize
where C k is a fixed constant set in this work to 0.01 and N is the total number of elements in the design space. It can be seen that the additional term in the objective function would lead to further minimization of deviation of x i from 0 or 1. Fig. 3 shows the result of solving the topology optimization problem posed by Eq. (13) using the method of moving asymptotes (MMA) (Svanberg, 1987) . In brief, MMA solves the optimization problem through the solution of a series of convex approximations. To start the process an initial solution is chosen. In this particular case the starting solution chosen was x i = 0.5, i = 1 to N. This initial solution is used to find the gradient of the objective function. These gradients are used to find an approximation of the objective function which is convex, which involves making sure that the second derivative of the modified objective function with respect to x i s is always positive. This modified convex objective function can be solved using any convex optimization method, though in this work, as in Svanberg (1987) , the dual method is used. The final solution obtained becomes the starting solution for the next iteration and the process is repeated till the change in objective function falls below some tolerance. For the starting base structure shown in Fig. 2 , the objective function as described by Eq. (2) had a value equal to 1, with the frequency ratio between the second and first natural frequencies being 1.0000. The material constants for the base structure were taken as: ρ 0 = 1100 kg/m 3 and E 0 = 3.555 MPa. The equivalent hyperelastic material parameters are C 10 = 0.474 MPa, C 01 = 0.1185 MPa and ν = 0.5. The corresponding natural frequencies of the structure are: ω 1 = 24.7093 rad/s and ω 2 = 24.7094 rad/s. These are the material constants used in all of the following examples in this work. After topology optimization using MMA with the final structure in Fig. 3 , the objective function c(ω) achieved a value of 4.0892 × 10 −4 , with the frequency ratio between the second and the first natural frequencies being 2.0137. The natural frequencies of the final structure in Fig. 3 turn out to be ω 1 = 78.2286 rad/s and ω 2 = 157.5263 rad/s. Fig. 4 shows the two mode shapes of the structure shown in Fig. 3 corresponding to the frequencies ω 1 and ω 2 .
Topology optimization using simple iterative procedure
While MMA is an effective method for obtaining candidate resonant structures, sometimes the results from MMA may be difficult to fabricate. To circumvent this difficulty, another approach was proposed in Tripathi and Bajaj (2014b) which would yield candidate structures for 1:2 internal resonances having simpler topologies. This is achieved by fixing beforehand the overall shape of the base structure and then iteratively modifying it locally to achieve further improvements in results. Therefore, the optimization procedure has two distinct steps, namely, 1. Choose a base structure. 2. Iteratively modify the base structure to optimize the c(ω) value. For further elaboration of the simple iterative procedure, an example structure similar to the one used in the MMA based optimization problem (Fig. 2 ) was considered. As the first step, some simple starting topology needs to be chosen. Fig. 5 shows the base structures which were used in this study (as can be observed, the topologies being considered are restricted to structures having one or two rectangular cavities). Table 2 shows the frequency ratios and the c(ω) values for these base structures. As can be observed from Table 2 , the topology in Fig. 5 (c) seems to be the most promising according to the objective function described in Eq. (2); thus it is chosen for the implementation of the simple iterative procedure.
The rectangular cavities in the base structure may now be increased or decreased in size so as to improve upon the c(ω) value. In this work, the unit step of increase or decrease was chosen to be one unit (one row or column of elements adjacent to the cavity side) for each side. Fig. 6 shows the possible options: with two rectangular cavities, there are 8 options per cavity (to increase or decrease the cavity in each of the four sides by one unit) and 16 options overall. One cavity is arbitrarily chosen and all of the 8 options for it are evaluated independent of each other. The option which gives the lowest c(ω) value is chosen and the cavity is correspondingly modified. Next, the 8 options for the other cavity are again independently evaluated and the cavity modified to obtain the lowest c(ω) value. These modifications are iteratively carried out until none of the 8 options in either cavity leads to an improvement in the objective function value. Fig. 7 shows the final structure obtained after optimization of the base structure shown in Fig. 5(c) , whereas Fig. 8 shows the lowest It must be pointed out that candidate structures can also be obtained by starting from other base structures. For example, if the structure given in Fig. 5(d) is taken as the base structure and the simple iterative method applied on it, the final structure obtained is given in Fig. 9 . The lowest two natural frequencies of this structure are: ω 1 = 17.6727 rad/s and ω 2 = 35.2762 rad/s. Also, it can be observed that the candidate structure shown in Fig. 9 is more asymmetric than the candidate structure obtained in Fig. 7 which might be an advantage in terms of the strength of nonlinear coupling required for internal resonance.
Further linear analysis using shell elements
Kirchoff plate theory assumes that the in-plane displacements u and v in the X and Y directions, respectively, are dependent on the out-of-plane displacement w through the relation,
with the displacement being zero on the mid-plane of the plate (Z = 0 on the mid-plane). However, under large deformations, the nonlinear strain-displacement relationships for plates such as the von Karman strains (Breslavsky et al., 2014) typically require independent in-plane displacements. Also, the membrane or in-plane stresses are created due to normal or transverse loads and these as well lead to independent in-plane displacements u and v. Thus, it is desirable to have independent in-plane membrane displacements to develop a more complete picture of the deformation field especially when considering large deformations or moderately thick structures. As mentioned earlier, the topology optimization in the earlier section was performed using Kirchoff plate elements which do not provide an independent membrane displacement field such as u 0 or v 0 . Thus, the final structures obtained using MMA and simple iterative method were further analyzed using four-node shell elements with five degrees of freedom per node. These elements are essentially a superposition of the Kirchoff plate element with the bi-linear four node 2-D quadrilateral element which provides the two independent components of the membrane displacement field. For the candidate structure obtained using MMA (shown in Fig. 3 ), the natural frequencies and the frequency ratio obtained using Kirchoff plate elements were ω 1 = 78.2286 rad/s, ω 2 = 157.5263 rad/s and ω 2 ω 1 = 2.0137, respectively. Using shell elements, the same variables were, ω 1 = 78.2217 rad/s, ω 2 = 157.5191 rad/s and ω 2 ω 1 = 2.0137, respectively. Similarly, for the final candidate structure obtained using the simple iterative method (shown in Fig. 7) , the natural frequencies and the frequency ratio obtained using Kirchoff plate elements were ω 1 = 16.4112 rad/s, ω 2 = 32.9258 rad/s and ω 2 ω 1 = 2.0063, respectively. Using shell elements, the same variables were, ω 1 = 16.4101 rad/s, ω 2 = 32.9244 rad/s and ω 2 ω 1 = 2.0063, respectively. Thus, once topology optimization has been completed using the Kirchoff plate elements, plane shell elements can be used to get the independent components of the membrane deformation field. The principal reason why shell elements were not used in the topology optimization is their higher computational cost.
Comparisons of Matlab model with model in ANSYS
The Matlab model uses a linear elastic approximation of the Mooney-Rivlin hyperelastic material. For comparing the results of the Matlab based program with commercial software ANSYS, two representative structures were chosen with different boundary conditions. These structures are shown in Fig. 10 . A two parameter Mooney-Rivlin hyperelastic model is chosen for modeling the structures in ANSYS and the material parameters chosen are the same as those given in Section 2.2. ANSYS requires that such a hyperelastic structure be subjected to some initial deformation before its natural frequencies and mode shapes can be determined. These are eigensolution of the linearized elastic structure around an equilibrium solution. For both structures this is achieved by applying a small external load in the transverse direction. The point(s) of application of the external load on structures 1 and 2 are marked with a green dot and letter L in Fig 10 . Naturally, for a hyperelastic material, the natural frequencies of the structure depend on the applied load. A comparison of the lowest five natural frequencies obtained from the Matlab and ANSYS models as a function of the applied load is given in Fig. 11 . Fig. 12 compares the ratio of the first two natural frequencies (
) for the two structures in Fig. 10 . Clearly, the frequencies in the ANSYS model vary with the transverse load, and so does the ratio of the two lowest natural frequencies. Figs. 13 and 14 compare the mode shapes obtained from ANSYS and Matlab models. The mode shapes for ANSYS model were obtained for an applied transverse force of 0.05N. It can be seen that for low levels of external loading, the agreement for natural frequencies and mode shapes between the fully nonlinear ANSYS FEA model for a hyperelastic material and the Matlab approximation is quite good.
Two mode model and non-linear frequency response predictions
Consider a general plate structure undergoing transverse vibrations. The displacement field for a thin plate in terms of a point located at a distance Z from the mid-plane of the plate can be assumed to consist of the superposition of the first two modes,
where u, v and w are the displacements in the X-, Y-and Z-directions respectively, A 1 and A 2 are the modal amplitudes, u 01 , u 02 and v 01 , v 02 are the independent in-plane modal displacements in the X and Y directions, and w 1 and w 2 are the corresponding modal displacements (the mode shapes) in the Z-or the transverse direction. In the present work, it is assumed that the hyperelastic plate structure is subjected to a base excitation. So, w F is the base excitation to the structure which only depends on time. Furthermore, η is a small dimensionless parameter to keep track of the significant terms in the system response. The kinetic energy T for any candidate structure can be written as, where the dot above u, v and w represents derivative with respect to time. The expressions for the displacements themselves are given by Eqs. (15). For the strain energy, the expression for the strain energy density is given by Eq. (4). The strain invariants I 1 and I 2 are calculated through the Left Cauchy-Green deformation tensor B which in turn is calculated from the deformation gradient F. Definition of the deformation gradient requires information regarding the original and deformed states of the structure. As the displacements in the X-, Yand Z-directions have already been defined in Eqs. (15), the relationship between the original and deformed configurations of the structure can be defined as,
where the lower case letters (x, y and z) denote the coordinates in the current configuration and the upper case letters (X, Y and Z) denote the coordinates in the original configuration. The deformation gradient according to its definition (Chadwick, 1999) can now be written as,
From Eq. (18) it can be observed that F 33 = 1. Physically this implies that there is no change in the thickness of the plate as it undergoes deformation. This particular form of the deformation gradient is an artifact of the thin plate theory used in this work; however, this assumption is not a necessary condition to proceed with the subsequent analysis steps to obtain the nonlinear dynamic equations. The Left Cauchy-Green deformation tensor, by definition (Chadwick, 1999) is,
The strain invariants I 1 and I 2 can now be written as,
where tr(B) refers to the trace of the B matrix. The deviatoric strain invariants can be calculated as,
where J is the determinant of the deformation gradient (F matrix). Substituting Eqs. (21), (19), (18), (15), into Eq. (4), the strain energy can now be expressed as a function of the lowest two modal amplitudes. In this study it is assumed that the material is incompressible and therefore, J = 1. The expression for the two invariants in terms of the components of the deformation gradient F can be written as, 
where
where F i j s are the individual terms in the deformation gradient F. Now, using the formula for the deformation gradient given in Eq. (18) and the expressions for the 3-D displacement field given in Eq. (15) one can write,
Now, substituting Eqs. (22)- (24) into the strain energy density function given in Eq. (4) one can write,
where g i j s are the terms composed of the modal displacements. The strain energy is obtained by integrating the strain energy density over the entire volume. As the modal amplitudes A 1 (t) and A 2 (t) are only temporal quantities, they can be treated as constants during this integration process,
Similarly for the kinetic energy, the expressions for the velocities at a particular point can be written as,
The expression for the system's kinetic energy has already been provided in Eq. (16). Substituting Eq. (27) into Eq. (16) and integrating over the volume yields,
where N i j s are the terms composed of the modal displacements. The Lagrangian of the system can now be written as,
This Lagrangian will be a nonlinear (at least a cubic) function of the modal amplitudes and their time derivatives (A i s andȦ i s) due to the strain energy being a nonlinear function of the displacement gradients for hyperelastic materials, as shown in Eqs. (25) and (26). This Lagrangian will be used ahead to construct the two-mode reducedorder model, and to then find the nonlinear frequency response of the candidate structures.
Development of dynamic response via averaging
The base excitation to the structure is assumed to be of the form:
where F w is the excitation amplitude and is the excitation frequency. It is assumed in the present work that is close to the second natural frequency ω 2 of the structure. The difference between the excitation frequency and the second natural frequency is therefore represented by the parameter σ 2 known as the external mistuning:
Similarly, another mistuning parameter, the internal mistuning σ 1 , is introduced to take into account the deviation of the lowest two natural frequencies from the perfect 1:2 ratio, ω 2 = 2ω 1 + ησ 1 . (32) Note that the designed structures are not perfectly tuned though internal mistuning in each case is quite small. To obtain the two-mode dynamic model of the system, and to further study the response using the method of averaging (Nayfeh, 2000) , the modal amplitudes are assumed to be of the form,
where p i and q i are amplitude components which vary on a slow time scale τ = ηt, as defined in Bajaj et al. (1994) and Balachandran and Nayfeh (1990) . Using this expression for the modal amplitudes, their time derivatives can be written as,
where a prime ( ) denotes a derivative with respect to the slow time 
= 0, i = 1, 2) are obtained for the modal amplitudes p i s and q i s,
where a prime ( ) denotes a derivative with respect to the slow time τ , and i s , i = 1, 2, 3, are constants which come from the averaged Lagrangian of the structure and depend on the material parameters and mode shapes. Their expressions are given in Appendix A. The modal damping terms ζ 1 and ζ 2 were introduced in Eqs. (36a)- (36d) to represent dissipation in the structure. Of course, the nature of this dissipation is not known and thus this simple form is utilized. It also helps keep the response from getting unbounded. The values of the damping parameters were assumed to be 0.01 for the sample results present here. Eqs. (36a)-(36d) are similar to the equations for modal amplitudes obtained in Bajaj et al. (1994) , Balachandran and Nayfeh (1990) and Nayfeh (2000) for the case of 1:2 internal resonance with excitation near the second mode. These equations can be solved for steady-state solutions to give single-mode (only second modal amplitude is non-zero) and coupled-mode solutions (both first and second mode amplitudes are non-zero). The coupled-mode solution is of primary interest here as it represents the solution with real effect of modal coupling resulting from internal resonance. Despite the structure being excited close to its second natural frequency, a non-zero response in the first mode at almost half the excitation frequency is obtained due to the quadratic nonlinearities in the system. For easier bifurcation analysis, Eqs. (36a)-(36d) are scaled or normalized using the following change of variables,
Choosing the scaling parameters as S 1 = 2 1 2 ω 1 ω 2 and S 2 = 2 1 ω 1 , the normalized equations for slow evolution of the amplitudes can be written as,
The set of equations given in Eqs. (38) are now analyzed using the bifurcation analysis and continuation software AUTO (Doedel et al., 2011) as a function of the different model parameters, and more specifically for different levels of internal mistuning (σ 1 ). The actual information of interest here is the equilibrium solution branches, their stability and bifurcations of these equilibrium points. In keeping with traditional practice of presenting the results of such an analysis Balachandran and Nayfeh, 1990) The stability and bifurcation points of these amplitudes given by Eqs. (39) are obtained using AUTO software and are shown in Fig. 15 for two values of internal mistuning. In Fig. 15(a) , there is no internal mistuning and there are no Hopf Bifurcations in the stable branches of the first mode amplitude (a 1n ). The non-zero first mode arises as a result of the subcritical pitchfork bifurcations (at σ 21 and σ 22 ) from the single mode solution consisting of only the second mode. The stable coupled mode solutions exist between the turning points and frequency interval (σ 23 , σ 24 ). In Fig. 15(b) , the internal mistuning σ 1 is set to 2. This results in an asymmetric response curve with additional bifurcations from the coupled mode solution in the interval (σ 211 , σ 222 ). It also causes a portion of the stable branch of the first mode amplitude to become unstable via a Hopf bifurcation in the frequency interval (σ 214 , σ 224 ). This predicts occurrence of quasi-periodic solutions in coupled mode solutions for structures with large internal mistunings. It is interesting to point out that, as the normalized equations in Eqs. (38) are independent of any specific material parameter or modal structure, all plates with 1:2 mode interactions and to quadratic nonlinearities will exhibit identical behavior. The physical system's response will differ based on the interacting modes and material parameters.
The crucial aspect of the plate structure represented by Eqs. (36a)-(36d) for its resonant solutions is the fact that the coupled-mode solutions arise out of the material nonlinearities, i.e. from the strain energy potential of a Mooney-Rivlin hyperelastic material, and not from any inertial coupling which is often seen in systems undergoing 1:2 internal resonances Balachandran and Nayfeh, 1990; Vyas et al., 2009) ; conversely, one can say that due to material nonlinearities inherent in a hyperelastic material, 1:2 internal resonance is possible in hyperelastic structures if the natural frequencies are close to 1:2.
To better understand the physical solutions and dependence on specific structures, and their material parameters (e.g., those in Figs. 3 and 7), the solutions of Eqs. (36a)-(36d) need to be considered. The amplitude equilibrium points for Eqs. (36a)-(36d) can also be obtained analytically. For such a process the following transformation is used,
where a i are the amplitudes and β i are the phase angles. Using this transformation, Eqs. (36a)-(36d) can be re-written as,
For steady-state solutions, we set a i = 0 and β i = 0 in Eqs. (41a)- (41d). This yields four algebraic equations which are then solved for single-mode (a 1 = 0 and a 2 = 0) and coupled-mode solutions (a 1 = 0 and a 2 = 0). A detailed solution procedure and a discussion of the stability of solutions are described in Bajaj et al. (1994) . Fig. 16 illustrates the nonlinear dynamic response of the structure shown in Fig. 3 with an excitation amplitude F w = 1 × 10 −4 m/s. In a linear system, when a particular mode is excited near its natural frequency (resonance), it acquires a large amplitude, while correspondingly, the contributions of the other modes to the system response are zero at that particular modal frequency. This can be observed from the linear response of the second mode in Fig. 16 , where it can be clearly seen that the second mode has a large amplitude when excited at its natural frequency. However, in the presence of nonlinearities and when the frequencies of the two modes of the system are in a specific ratio, an energy transfer takes place between the second and first modes which again can be observed from Fig. 16 , wherein, the second mode's amplitude in the nonlinear response is attenuated (as compared to the linear response) and the first mode appears with a finite, non-trivial amplitude (defined by a 1 = p 2 1 + q 2 1 ) even when the system is being excited near its second natural frequency. Despite the structure being excited close to its second natural frequency, a non-zero response of the first mode at almost half the excitation frequency is obtained due to quadratic nonlinearities in the system. These quadratic nonlinearities come about as a result of the nonlinear constitutive model of the hyperelastic materials. The thickness of the structure shown in Fig. 3 is equal to 1 × 10 −4 m and the actual maximum deflection of the structure at zero external mistuning is equal to 3.2 × 10 −4 m. Thus the ratio of maximum deflection to thickness for this particular structure is 3.2. The nonlinear dynamic response of the final structure obtained using the simple iterative method (Fig. 7) is given in Fig. 17 . The thickness of the structure shown in Fig. 7 is equal to 1 × 10 −4 m and the actual maximum deflection of the structure at zero external mistuning is equal to 2.8 × 10 −6 m with the ratio of maximum deflection to thickness being equal to 0.028. It is interesting to note that both sets of responses for the structures in Fig. 16 . Non-linear response of the hyperelastic structure shown in Fig. 3 to a transverse Fig. 16 ) and Fig. 7 (responses in Fig. 17 ) have some asymmetry and even Hopf bifurcation regions due to non-zero internal mistunings (
Another phenomenon which is of interest in the case of 1:2 internal resonance is termed as the saturation phenomenon (Nayfeh, 2000) in which the amplitude of the directly excited second mode at zero external mistuning becomes almost constant with respect to the forcing amplitude. These saturation curves for the structures shown in Figs. 3 and 7 were obtained using AUTO software with the forcing amplitude as the continuation parameter and the results are given in Figs. 18 and 19 respectively. 
Comparison of different strain measures
Now that the nonlinear frequency response of some of the candidate linearly resonant structures has been constructed using averaging and a two-parameter Mooney-Rivlin material model, it is worthwhile to study some other aspects of the dynamic response especially connected with classical analysis of plates. The Lagrange strain tensor is described as,
The explicit expressions for the Lagrangian strain measures from Eq. (42) can be written in terms of displacements as, 
Starting from these general Lagrangian strain expressions, some assumptions have been traditionally made to obtain the von Karman strain expressions for thin to moderately thick plates. These assumptions include among other things, that the membrane displacements are infinitesimal, and rotations ( ∂w ∂x and ∂w ∂y ) are small (Amabili, 2008; Chia, 1980 
If the plate kinematic relations between in-plane and out-of-plane displacements are used for further simplifications, the final expressions can be obtained as, While von Karman is a popular finite amplitude theory, the theory of Novozhilov (1953) is more general. According to this theory the displacement field for a thin plate in terms of a point located at a distance Z from the mid-plane of the plate can be written as (Novozhilov, 1953) ,
w(X, Y, t ) = w 0 + Z ∂u 0 ∂x
where u 0 , v 0 and w 0 are the displacements in the X, Y and Z directions respectively of the mid-plane or neutral axis of the plate. These displacements can be expressed as a linear superposition of the first two modes as,
where A 1 and A 2 are the modal amplitudes, u 01 , u 02 and v 01 , v 02 are the independent in-plane modal displacements in the X and Y directions, and w 1 and w 2 are the corresponding modal displacements (the mode shapes) in the Z-or the transverse direction. It is clear from comparing Eqs. (46) and (47) which represent the displacement field obtained using Novozhilov's theory with the displacement field given in Eq. (15) that Novozhilov's theory has some more higher order terms. The displacement field given by Eq. (46) was used to obtain the nonlinear dynamic response of the two structures shown in The thickness of the structures given in Fig. 10 (a) and (b) is equal to 0.2 m. Compared to this thickness value, the deflections shown in Figs. 20-23 are large and the deflection to thickness rations are greater than 1000. Such high deflections may imply that thin plate assumptions are being violated, and there will be expected thickness changes in the plate structure or strains in z-direction; however, these deflections are also a result of large excitation amplitude as well. The coupled-mode phenomenon observed will continue to exist even at significantly reduced excitation amplitudes.
Comparison of neo-Hookean and Mooney-Rivlin constitutive models
The neo-Hookean material model is also used for modeling of hyperelastic materials (Breslavsky et al., 2014) . As its name implies, the neo-Hookean material model closely relates to the linear elastic material model and has lower level nonlinearities than the twoparameter Mooney-Rivlin model on account of having just one strain invariant in its strain energy density. For a very basic comparison, assuming incompressibility with the Poison's ratio ν = 0.5, and assuming J = 1, it transpires that a neo-Hookean material will be unable to exhibit 1:2 internal resonance as the nonlinear coefficients such as 1 and 2 in the modal amplitude equations Eqs. (36) or Eqs. (41) are equal to zero. Note also from the expressions in Eqs. (41) that 2 = 0 for all structures since C 01 = 0 for a neo-Hookean material. Thus it can be said that for "nearly" incompressible materials the level of nonlinearities in a neo-Hookean material is not sufficient so as to cause 1:2 internal resonance which is not the case with Mooney-Rivlin material.
Response with material compressibility incorporated in the model
As mentioned earlier, the strain energy potential of a two parameter Mooney-Rivlin material is given in Eq. (3) which simplifies to Eq. (4) with the assumptions of material incompressibility. However, the expressions for displacements given in Eq. (15) imply that the strain in the thickness direction zz would be zero as the transverse displacement w is only a function of the X-and Y-coordinates. This also implies that the change in thickness of the structure is assumed to be zero. In the context of the physical problem considered in this work, namely that of vibrations of a hyperelastic structure about an equilibrium position, displacements are often large, though strains may not be large, in which case the assumption of no change in thickness may not be unreasonable. However, it is worthwhile to consider the case when the resonant structure is not incompressible. In such a scenario, the strain energy potential of the structure is given as,
whereĪ 1 andĪ 2 are the first and second deviatoric invariants, respectively, of the Left Cauchy-Green deformation tensor B, J is the determinant of the deformation gradient F, and C 10 , C 01 and d are material parameters. The incompressibility parameter d can be written as (Ambroz, 2007) :
where ν is the assumed Poisson's ratio. For any candidate structure, the strain energy potential can then be written using the expression given in Eq. (48) using the displacement field given in Eq. (15). This strain energy potential can then be used to construct the system Lagrangian and finally derive the slow amplitude equations of motion by following the process laid out in the preceding subsections. In brief, the determinant of the deformation gradient J can be expressed as,
where F ij refers to the individual elements of the deformation gradient F. By substituting the expressions for the individual elements of the deformation gradient F from Eq. (24) and expanding the determinant's expression in increasing powers of the bookkeeping parameter η the expression for the determinant (J) of the deformation gradient (F) can be written as,
Note that the expression for J will only be cubic in η as it only consists of at most cubic terms of the elements of the deformation gradient F (as can be observed from Eq. (50)) and every element of the deformation gradient is linear in η (as can be observed from Eq. (24) 3 . This can be accomplished by using the binomial expansion for negative fractional exponents. Briefly, such an exercise entails using Eq. (51) to write,
3 . Now, using the binomial expansion for negative and fractional exponents ,
Now, substituting the expressions for J (from Eq. (51)), J − 2 3 and J − 4 3 into Eq. (48) and then collecting terms up to O(η 3 ), an expression for the strain energy potential similar to the expression in Eq. (25) will be obtained. Now using, the expressions for the strain energy potential and the kinetic energy to construct the averaged Lagrangian as outlined in Section 3, it can be observed that dropping the assumptions of incompressibility leads still to the same form of slow time amplitude equations (Eqs. (36)) as in the case of material satisfying incompressibility, with the only difference being the values of the nonlinear coefficients 1 and 2 . Considering the particular case of the structure shown in Fig. 10(a), Fig. 24 compares the nonlinear response of the compressible and the incompressible cases for a value of ν = 0.25. The values of the nonlinear coefficients for the compressible case are 1 = 0.000179544, 2 = 0.0003090798 and 3 = 1729.877, whereas the values for the nonlinear coefficients for the incompressible case are 1 = 0.000108076, 2 = 0.0000698367 and 3 = 1729.877. Both cases lead to 1:2 internal resonance and energy transfer between modes.
Multi-mode response
The results presented in this work have assumed that the displacement consists of a linear superposition of the first two modes; however, it is also important to consider the contribution of higher modes to the nonlinear dynamic response. As an example, considering the structure shown in Fig. 10(b) , the displacement field of a particular point can be written as a linear superposition of the first three modes,
The first three natural frequencies of the structure are ω 1 = 0.2038, ω 2 = 0.4061 and ω 3 = 0.4896. Using these natural frequencies the modal amplitudes can be approximated as,
A 3 = p 3 (ηt)cos 6 5 t + q 3 (ηt)sin
where is the excitation given by Eq. (31). Also, the following internal mistunings can be added, ω 3 = 6 5 ω 2 − ησ 3 .
The displacement field given in Eq. (54) is now used to construct the Lagrangian which is then averaged and subjected to EulerLagrange conditions to find the equations of motion for the slow-time amplitudes p i s and q i s as described in the preceding subsections. These equations for the first three modes can be written as, where the term ζ 3 is introduced for the modal damping, and the terms F 31 , F 32 , γ ij , i = 2-3, j = 1 to 3, α i , i = 1-24 and i , i = 1-4 are constants. The equilibrium points of the system of equations given in Eq. (57) were obtained numerically. The values of F 31 and F 32 in Eq. (57) are −1.5546 × 10 −6 and −5.0750 × 10 −7 respectively, while the value for 3 as given previously is −903.8972. The Eqs. (57a)-(57f) clearly show that the first mode is only coupled to the second mode and the direct excitation of the third mode is very small compared to that of the second mode. Numerical simulations of Eqs. (57a)- (57f) clearly show that the contribution of the third mode is very small in the overall response of the system, and the response is essentially governed by the first two modes.
However, it must be pointed out that this may not always be the case. The construction of Eq. (55) and thus the structure of Eqs. (57) is caused by the distribution of the natural frequencies of the structure. Also, the nature of the excitation and the initial deformation of the structure play an important part. Furthermore, consideration of the transient vibrations would most definitely require more than a two mode displacement field. Existence of internal resonances involving higher modes is also possible which can lead to a different set of equations than the one presented in Eq. (57) with excitation terms (through nonlinear couplings) for higher modal amplitudes. In such a scenario it would become important to construct a multi-mode model and not restrict the discussion to just the first two modes.
Summary and discussion
The present work goes through the entire process from analysis to design of hyperelastic plates undergoing 1:2 internal resonance. The initial half of the work concerns itself with using topology optimization to obtain candidate structures for 1:2 internal resonance. Two optimization methods, namely the method of moving asymptotes and a simple iterative method were discussed. The second half uses the results of the linear design process in terms of natural frequencies and mode shapes to develop a two-mode nonlinear Lagrangian model. The nonlinear model in analyzed in detail for 1:2 internal resonance. Also, the dynamic responses due to different strain measures are compared.
The present work can be improved in several aspects. Currently, the linear design part is based on a linear approximation of the Mooney-Rivlin hyperelastic model. An incorporation of a fully nonlinear design method which would also consider the strength of nonlinear modal coupling would certainly be an essential improvement over the present process. Further, note that the presence and strength of nonlinear interactions is often contingent upon many factors such as damping. The magnitude of damping experienced by interacting modes may significantly affect the level of forcing required to achieve internal resonances. However, damping is strongly affected by actual physical operating conditions and therefore, some experiments would be needed to form a reasonably accurate picture of modal damping and consequently the actual strength of nonlinear interactions in physical structures.
Finally, this work only considers 1:2 internal resonances, whereas the computational design techniques presented in this work can be used to design a wide variety of candidate structures which would allow the exploitation of a wider range of nonlinear vibrations phenomena, in particular the different internal resonances such as 1:1 and 1:3. Another area of consideration would be the design and analysis of structures with multi-mode displacement fields and possibilities of more than one internal or combination resonances.
